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Abstract
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The Stationary Worldlines and Power Distributions of a Point Charge
by Maksat TEMIRKHAN
The uniform acceleration of a point charge moving along a stationary
worldline, which emits constant radiated power was investigated. A clas-
sification of motion of a particle along stationary worldlines into six types
is made. The angular distribution of this power is found for all stationary
worldlines including those with torsion and hypertorsion and their proper-
ties and features are also described. Their proper accelerations, acceleration
ratios, minimum velocities and constant power emissions are computed. The
graphs of emitted radiation with different speeds are illustrated in two and
three dimensional space. Additionally, the maximum angle and Thomas pre-
cession of radiation is found.
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1Chapter 1
Introduction
1.1 History
In this MS thesis, we will consider the electromagnetic field of an accelerat-
ing charge. Accelerated moving charges according to the laws of electrody-
namics as described by James Clerk Maxwell [1] must emit electromagnetic
waves. In 1865 Maxwell derived a system of equations which can now be
expressed in differential or integral form describing an electromagnetic field
and its connection with electric charges and currents in vacuum and con-
tinuum. Together with the expression for the Lorentz force, which specifies
the measure of the effect of an electromagnetic field on charged particles,
these equations form a complete system of classical electrodynamics. The
equations formulated by Maxwell on the basis of experimental results accu-
mulated by the middle of the 1800s, played a key role in the development of
theoretical physics and had a strong influence not only on all areas of physics
directly related to electromagnetism, but also on many later fundamental the-
ories, like special theory of relativity.
In 1897 Joseph Larmor [2] first calculated the total power radiated by a
non-relativistic point charge as it decelerated or accelerated. The Larmor ra-
diation formula describes a uniformly accelerating single point charge which
emits radiation toward infinity.
In 1955, Gold and Bondi wrote a paper [3] where they established the
production of the electromagnetic field by a uniformly accelerated charged
particle. This was a problem that had been considered before but without
finding the complete solution. Later, a new question was raised : could the
equivalence principle apply to such a situation?
The equivalence principle is that used by Albert Einstein in the derivation
of the general theory of relativity. Its formulation briefly can be expressed as:
‘the gravitational and inertial masses of a particle are equal’. From the equiv-
alence principle follows interesting predictions about the behavior of light in
a gravitational field. Imagine that in an elevator at the moment of acceler-
ated upward movement, you send a light pulse (for example, using a laser
pointer) in the horizontal direction. During the time that the light pulse is
travelling to a target on the wall, the elevator will accelerate, and the light
will flash on the wall below the target. (Of course, on Earth, you will not no-
tice this deviation, so just imagine that you are able to consider the deviation
in thousandths of a micron.) Now, returning to the principle of equivalence,
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we can conclude that a similar effect of a deflecting light beam should be
observed not only in a non-inertial system, but also in a gravitational field.
For a light beam, according to the equivalence principle of gravity and in-
ertial masses, in the number of postulates of the general theory of relativity,
the deviation of the light beam of a particular star located on the edge of
the solar disk would be deflected radially away from the Sun by about 1.75
angular seconds [4]. When the measurements carried out by Sir Arthur Ed-
dington during the total solar eclipse in 1919 revealed the deflection of the
beam through an angle of 1.6 angular seconds, it was an experimental con-
firmation of the general theory of relativity. Similarly, it is not difficult to
see that the equivalence principle predicts that a light beam directed parallel
to the gravitational field should has a red shift, and this prediction has also
received experimental confirmation.
Uniform acceleration can be described by the four - acceleration vector.
It is a motion that is hard to imagine in a real physical context, because it
involves the particle asymptotically approaching the speed of light in the
distant future and past. By using the so-called method of retarded poten-
tials (the Lienard–Wiechert retarded potentials) Born [5] obtained the elec-
tromagnetic fields that he supposed would be generated by a charged par-
ticle. These potentials were developed in part by Alfred-Marie Lienard in
1898 and later independently by Emil Wiechert [6] in 1900. However, Born’s
solution is only correct in a certain region of spacetime. The aforementioned
Gold and Bondi’s paper is thus concerned with obtaining a proper solution
of Maxwell’s equations, where one must include distributions as Dirac delta
functions. Their method involves imagining a physical process and consid-
ering the idealistic uniformly accelerated motion as a limit.
In 1965 Fritz Rohrlich [7] showed that a charged particle and a neutral
particle fall equally rapidly in a gravitational field. Similarly, Rohrlich [8]
established that a charged particle that is at rest in a gravitational field does
not radiate in its rest system, but does so in the framework of a freely falling
observer.
In 1977 Davies and Fulling [9] [10] found radiation from an accelerating
perfectly reflecting boundary condition on the quantum field (i.e. a moving
mirror) shortly after Hawking’s black hole work [11]. They demonstrated
that at late times moving mirrors with certain asymptotic motion can be ther-
mal and radiate energy. Here the Planck spectrum is found at late times and
mimics a black hole evaporating. Interesting trajectories are included in these
recent sources [12]–[26].
In 1976 Bill Unruh [27] demonstrated, by a uniformly accelerating detec-
tor in a vacuum field, that an observer moving linearly with constant acceler-
ation in the vacuum of flat spacetime will radiate. The observer will behave
as if they are in contact with scalar particles with distribution according to
a Planck spectrum at temperature equal T = κ/2pi. The same results have
been found by Boyer [28] with detectors of electromagnetic radiation in 1980.
The Unruh effect is the quantum field effect of observing thermal ra-
diation in an accelerated reference frame. In other words, an accelerating
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observer will see radiation with temperature proportional to their accelera-
tion. Unruh showed that the vacuum depends on the observer which moves
through space-time. If around the stationary observer is only a vacuum, then
an accelerating observer will see around many particles in thermodynamic
equilibrium i.e. a warm gas. Experimental confirmation and the existence
of the Unruh effect is not fully resolved. Some researchers believe that the
Unruh effect has been confirmed experimentally [29], others believe that the
formulation of the problem itself contains erroneous assumptions [30]. Ac-
cording to modern definitions, the concept of a vacuum is not the same as
empty space, since the entire space is filled with quantized fields.
The vacuum state is the simplest, lowest energy state. The energy levels
of any quantized field depend on the Hamiltonian, which in the general case
depends on generalized coordinates. Therefore, the Hamiltonian or the con-
cept of vacuum, depends on the reference system. The number of particles is
an eigenvalue of the number operator and depends on the creation and anni-
hilation operators. Before defining the operators, we need to decompose the
field into positive and negative frequency components. The decomposition
will be different in the Minkowski and Rindler coordinates, despite the fact
that the operators in them are connected by the Bogolyubov transformation.
That is why the number of particles depends on the reference system.
The Unruh effect explains Hawking radiation, but can not be considered
as completely analogues to it [31]. The difference in the boundary conditions
of the problems gives different solutions for these effects. Hawking radia-
tion may occur at the border or ‘atmosphere’ of a black hole and causes it to
gradually evaporate, and due to the Unruh effect, a uniformly accelerating
observer sees the birth of particles with a constant temperature.
In 1980 Letaw and Pfautsch [32] demonstrated that particles moving in
uniform synchrotron motion will also be excited and radiate with a spec-
trum. However, in this case the spectrum will be distinct from a Planck spec-
trum because of angular velocity. Also, it is interesting that the spectrum is
time independent in these two cases; but, this will not be true for all situa-
tions. For instance, if a particle will move rectilinearly with slowly increasing
acceleration we will expect the Planckian spectrum, with a slowly growing
temperature.
In 1981 Letaw [33] found that the spectrum of a moving particle is time
independent (include stationary spectrum) when the geodetic interval on the
worldline between two points depends only on the proper time interval be-
tween them. For this reason, the worldlines in our case are called station-
ary. The geometric properties of these lines are important because they are
constant proper accelerated trajectories. Letaw in his work investigated the
stationary world lines due to quantized field detectors in a vacuum which
have time-independent excitation spectra. To find world lines Letaw gener-
alized the Frenet equations to Minkowski space and developed them. Also
he showed that a proper acceleration and angular velocity of the world line
can be found in the curvature invariants and the solutions are the stationary
world lines. Letaw was the first who classified stationary worldlines into the
six types. Additionally he demonstrated the equivalence of the stationary
4 Chapter 1. Introduction
world lines and the timelike Killing vector field orbits. As a result of that, the
classification scheme extended the stationary coordinate systems and Killing
orbits in flat spacetime.
This work is concerned with the properties of the radiation from a rela-
tivistically uniformly accelerated charge and based on a working paper [34].
The general formula for an arbitrary trajectory of the total radiated power
and its angular distribution are specified to uniform accelerated motion with
torsion and hypertorsion. In 1949 Schwinger [35] first calculated the angu-
lar distribution of power for point charges undergoing linear and circular
acceleration for arbitrary dynamics and specification to uniformly acceler-
ated circular motion. Letaw [33] found three previously unknown classes
of uniformly accelerated world lines. This work extends Schwinger’s initial
specification of circular motion to include the power distributions for these
three fundamental cases of uniform acceleration.
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1.2 Naming Convention
With an emphasis on torsion [33], the worldlines themselves can be called
(e.g. a shortened use of the convention introduced by Rosu [36]):
1. Nulltor 2. Ultrator 3. Parator 4. Infrator 5. Hypertor
The worldline plots are in Appendix A where we have also included their
four-vector position parametrization xµ(s) in proper time [33].
Projected in space, the worldlines take the forms:
1. Line 2. Circle 3. Cusp 4. Catenary 5. Spiral
where we have ignored the zero acceleration solution, κ = 0, (the inertial
path). These spatial projections are in Appendix B, with the assigned axis
convention.
1.3 Curvature Invariants
The three curvature invariants are, κ, τ, and ν, (curvature, torsion, and hy-
pertorsion, respectively). As mentioned above, the stationary world lines
separate naturally into five classes according to the values of the curvature
invariants, if we exclude case when particle at the rest (calling the motions
by their projections in space):
• Line : κ 6= 0, ν = τ = 0;
• Circle : |κ| < |τ|, ν = 0;
• Cusp : |κ| = |τ|, ν = 0;
• Catenary : |κ| > |τ|, ν = 0;
• Spiral : ν 6= 0
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1.4 Motivation
Stationary background systems based on these world lines are of interest be-
cause the world lines are trajectories of time-like Killing vector fields [33],
[36], [37]. The less-known trajectories (3, 4, 5) are interesting in their own
right because they are simple uniformly accelerated motions. Their excita-
tion spectra are connected to the question of coordinate dependence of ther-
modynamics and quantum field theory in flat spacetime (i.e. they may yield
insights into the Unruh effect [27], with crucial dependence on study of ac-
celerating world lines).
There is broad motivation for investigating the light and radiation from
these fundamental motions: interesting avenues of research and connections
between quantum theory and gravity have been made, like relativistic super-
fluidity [38] or geometric creation of quantum vortexes [21], by pursuing the
effects of the influence of quantum fields under external conditions. There
are three important types of external effects: the Davies-Fulling effect1 [39],
the Hawking effect [40], and the Parker effect [41], i.e. respectively, moving
mirrors, black holes, and expanding cosmologies. This program [42] con-
tinues to lead to progress that demonstrate strong correspondences 2 and
simplifying physics 3.
Accelerated trajectories in flat spacetime and motion in curved space-
time are joined via the Equivalence Principle. The thermodynamics ‘ad-
dendum’ made to the Equivalence Principle, (e.g. Unruh effect), has been
immensely helpful for further understanding the gravitational influence on
quantum fields4. These motions are interesting and simple, and they de-
serve more attention particularly because of the fundamentally important
and wide-reaching nature of uniform acceleration.
1Consider the scale invariant accelerated solution in [22] and the spin-statistics derivation
from it [20].
2Example solutions are explored in the recent black hole-moving mirror correspondence
contained in [16], temperature without a horizon in [23], and a black hole birth cry and death
gasp in [43].
3 The Kerr black hole has a temperature 2piT = g − k where k = mΩ2 is the spring
constant and g = (4m)−1 is the Schwarzschild surface gravity [44].
4Hawking’s effect as a gravitational phenomena is further understood as a result of the
quantum field phenomena of the Unruh effect.
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Some Basics of Special Relativity
2.1 Space and Time
The basic description of special relativity for this and next two section was
taken from paper [45]. Space - time is the sum of all events. The event is
described by what happened somewhere and someday. It is determined by
four numbers - time and three space coordinates. Therefore, space-time is
four-dimensional. The events that occurred with the object form its world
line. The world line is the path traversed by the object in space-time. For
simplicity, we will mainly consider the movement of an object in a straight
line, then space-time in a two-dimension. The figure below shows the motion
of trains. Each observer can measure the time of events on his own world
SECONDSTATIONFIRSTSTATION
x
t
FIGURE 2.1: The motion is described by a two-dimensional re-
gion between the world lines.
line. The observer cannot directly measure the time of an event outside of
its world line. Suppose observer 1 sends a signal to observer 2 at the time
of t1, then he send a signal back Fig. (2.2). As result we can formulate three
possibilities:
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1
2
t1 t2
FIGURE 2.2: Signal exchange between observers.
• In case when t2 < t1, the response signal comes before sending the first
signal. But, this opportunity is impossible.
• When t2 − t1 is positive, the difference can be very small. In this situ-
ation, we can introduce the absolute time, which the same for all ob-
servers. Before creating the theory of relativity, everyone thought like
this.
• In the last case when t2− t1 can not be smaller than some positive value
and it is the fastest signal. And this is true for the real world.
Such the fastest signal can be only light. Because photons are massless parti-
cle. For example, we will image that event O be a explosion. The first thing
that observer will see is the flash (light). On the world line light emitted at
O form the light half-cones of the future and past of this event. These area
of space – time is called the future and past of O. Events inside and on the
border of these half-cones can affect on the O event. The region outside the
light cones is in the elsewhere of O. Events in this area can not affect O, and
they can not influence to them.
PAST
FUTURE
o
FIGURE 2.3: Past and Future events of O.
The light cone in three dimensional space – time is shown in the Fig. (2.4)
with two space coordinates and one time coordinate. The light cone in two
dimensional space – time is shown in the Fig. (2.3) with one space and one
time coordinate. The future events are inside the light of the semi-cone of the
future, also the past events are inside the light half-cone of the past, while
elsewhere events - outside the light cone.
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FIGURE 2.4: Light cone in 3D space – time.
2.2 Lorentz transformation
An object moves by inertia when no forces act on it. By Galileo’s principle
of relativity, all inertial observers are equal. If one inertial observer did some
experiment and got some result, and the other inertial observer who did the
same experiment get the same result. If two inertial observers passed each
1
2
t1
t2
o
ϕ
FIGURE 2.5: Two inertial observers.
other, and observer 1 sent a light signal at time t1 and the observer 2 received
it at the moment t2 then we can write:
t2 = t1eφ, (2.1)
where φ is the angle between the world lines of observers 1 and 2. Consider
three inertial observers moving in the same plane. Let their world lines in-
tersect at point O. Then:
t2 = t1eφ12 , t3 = t1eφ13 = t2eφ23 , (2.2)
φ13 = φ12 + φ23, (2.3)
as in Euclidean geometry. The addition of angles is true only for world lines
in one plane. Now let the observer 1 send a light signal at the moment t1 and
the observer 2 receives it at t in event A Fig. (2.7), and send a response signal.
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1 2
t1
t2
o
ϕ12
3
t3ϕ13ϕ23
FIGURE 2.6: Three inertial observers in the same plane.
1 2
t1
t2
o
t
ϕ
A
FIGURE 2.7: Signal exchange between two inertial observers.
The observer 1 receives it at the moment t2. As we know, t = t1eφ ; besides,
t2 = teφ, then we get
t1 = te−φ, t2 = teφ. (2.4)
If event A occurred outside the world line of observer 1, so observer cannot
measure the time . It is better to find the time of event A from the point of
view of observer 1 in the interval [t1, t2], since the light signal propagates in
both directions equally. Similarly we find the coordinate of the event A from
the view of the observer 1 as half of this time interval. Thus, the time and
space coordinates of the event A from the point of view of the observer 1 are
x0 =
t1 + t2
2
, x1 =
t2 − t1
2
. (2.5)
By substituting Eq. (2.4), we get
x0 = t cosh φ, x1 = t sinh φ. (2.6)
We found very important result for defining the magnitude
x2 = (x0)2 − (x1)2 = t2. (2.7)
and it does not depend on how the observer 1 moves . The components of the
x0, x1 from point O to point A are different for each observer. The invariant
quantity x2 is the square of the distance from O to A and it is equal to square
of t, according to the observer 2 . Also compared to the usual Euclidean
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calculation there is difference in sign. Instead of the plus sign between two
members there is a minus sign. For this reason, the space – time geome-
try is called pseudo-Euclidean or Minkowski geometry. It can be seen from
Eq. (2.6), where usual Newtonian velocity of the observer 2 with respect to
the observer 1 is equal to
u =
x1
x0
= tanh φ (2.8)
where u < 1, and tends to 1 when φ → ∞. But it is more convenient to use
the angle φ between the world lines. In the Fig.(2.8) it is shown how are the
1 2
t1
t2
o
ϕ
A
t2
′
t1
′
FIGURE 2.8: Lorentz transformation.
coordinates of x0, x1 of events A related to the observer 1 and the coordinates
x0’, x1’ of the same event from the view of the observer 2.
x′0 =
t′1 + t
′
2
2
, x′1 =
t′2 − t′1
2
, (2.9)
where
t′1 = t1e
φ, t′2 = t2e−φ. (2.10)
The final step involves the substitution of:
t1 = x0 − x1, t2 = x0 + x1. (2.11)
This will finally give us our answer,
x′0 = x0 cosh φ− x1 sinh φ, x′1 = −x0 sinh φ+ x1 cosh φ, (2.12)
which is the well-known Lorentz transformation.
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2.3 Geometry of Minkowski
Lets consider the vector x from points O to point A Fig. (2.4). Logically, we
can conclude the 3 possibilities:
• x2 > 0 is a timelike vector and it can be directed to the future or to the
past. By Lorentz transformation, we can ensure that component x0 is
nonzero and others are zero .
• x2 = 0 is a light-like vector, which A lies on the light cone of event O, di-
rected along the light cone. Two light-like vectors cannot be compared
(which is longer and shorter), except when they are collinear.
• x2 < 0 is a space-like vector. By Lorentz transformation, we can find
that the only nonzero component is x1 (when the O and A events occur
simultaneously).
Previously we described the vector x2. And now lets make the scalar product
of two vectors (x · y),
x · y = (x + y)
2 − x2 − y2
2
= x0y0 − x1y1. (2.13)
In the four-dimensional space – time x · y = x0y0− x1y1− x2y2− x3y3. Beside
the contravariant components xµ of the vector x(µ = 0, 1, 2, 3), we introduce
covariant components xµ:
x0 = x0, x1 = −x1, x2 = −x2, x3 = −x3. (2.14)
Then the dot product has a simple form:
x · y = xµyµ = xµyµ, (2.15)
where the index on top and on the bottom means the summation from 0 to
3. The vectors x and y are orthogonal if there scalar product equal to zero
(x · y = 0).
x
yϕ ϕ
x
t
FIGURE 2.9: Orthogonal vectors.
Two timelike vectors can not be orthogonal to each other. If both have
same direction to the future or past their scalar product is greater than zero.
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If one have direction to the future and another to the past their scalar product
is less than zero. The timelike vector x is orthogonal to the space vector y, if
their directions are symmetrical to each other with respect to the light-like
straight line Fig. (2.9). Orthogonality is not violated if y is multiplied by a
scalar. Two space-like vectors can be orthogonal to each other, if the plane
is space-like, then its geometry is Euclidean, and these two vectors can be
orthogonal. A timelike vector x of length t (x2 = t2), with angle φ directed
to the time axis, has the components xµ = t(cosh φ, sinh φ) Fig. (2.10). Its
projection in the direction eµ = (1, 0) equal to t cosh ν. It is always greater or
equal to t, its equal when φ = 0.
xt coshϕ
t sinhϕ
ϕ
x
t
FIGURE 2.10: The projections of the timelike vector x on the
coordinate axis.
2.4 Four-velocity and four-acceleration
The main description for this section was taken from Rindler’s book [46].
When we consider motion along timelike directions we often work with the
invariant:
dτ2 =
ds2
c2
= dt2 − dx
2 + dy2 + dz2
c2
(2.16)
where dτ is a interval of proper time. Otherwise, we can write speed of the
particle as v, then we have from Eq.(2.16):
dτ2
dt2
= 1− v
2
c2
,
dt
dτ
=
(
1− v
2
c2
)−1/2
= γ. (2.17)
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Lets now consider four-vector motion with worldline xµ = xµ(τ). We denote
vectors vµ and aµ as four-velocity and four-acceleration respectively:
vµ =
dxµ
dτ
, aµ =
d2xµ
dτ2
=
dvµ
dτ
. (2.18)
From Eq.(2.17) we find that:
vµ =
dxµ
dτ
=
dxµ
dt
dt
dτ
= γ
dxµ
dt
, (2.19)
and
aµ =
dvµ
dτ
= γ
dvµ
dt
. (2.20)
The relation between the tree vector acceleration a and four acceleration aµ
can be written
aµ =
dvµ
dτ
= γ
dvµ
dt
= γ
d
dt
(γc,γv) = γ
(
dγ
dt
c,
dγ
dt
v + γa
)
, (2.21)
and proper time is
aµaµ = −α2. (2.22)
From equation above we have:
aµaµ = γ2[γ˙2c2 − (γ˙v + γa)2], (2.23)
where γ = γ(v). Using the relation γ˙ = γ3vv˙/c2 and three vector results like
(vµ)2 = v2 we find :
α2 = −aµaµ = γ2[γ˙2v2 + 2γγ˙vv˙ + γ2a2 − γ˙2c2] = γ6v2v˙2/c2 + γ4a2. (2.24)
In an inertial frame in which the object is at the rest, the 3-vector acceleration,
combined with the zero time component, 4-object acceleration occurs, which
makes it its own Lorentz-invariant acceleration. Thus, the concept is useful in
the following cases: (i) with accelerated coordinates, (ii) at relativistic speeds
and (iii) in curved spacetime.
In the unidirectional case where the acceleration of an object is parallel
or antiparallel to its velocity to observer, the proper acceleration α and the
acceleration of coordinates a are connected through the Lorentz factor γ for
α = γ3a. Therefore, the change in the proper velocity w = dx/dτ is the
integral of the proper acceleration with respect to the time of the stationary
system t, that is, ∆w = α∆t for the constant α. At low speeds, this comes
down to relationship between the coordinate velocity and the time of coordi-
nate acceleration, that is, ∆v = a∆t.
For constant unidirectional proper acceleration, there are similar relations
between the rapidity η and the elapsed proper time ∆τ, as well as between
the Lorentz coefficient γ and the distance ∆x. Namely:
α =
∆w
∆t
= c
∆η
∆τ
= c2
∆γ
∆x
, (2.25)
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where different velocity parameters are related by
η = sinh−1(w
c
) = tanh−1(v
c
) = ± cosh−1(γ). (2.26)
These equations illustrate some of the useful parameters of accelerated mo-
tion at high speed.
2.5 Covariant Power
Using the the relativistic covariant form of Larmor’s formula, an accelerated
point charge has power,
P =
2
3
q2α2, (2.27)
where α is the proper acceleration (as we will see in Eq. (2.30)) and q is the
charge. A constant proper acceleration yields constant power. The proper
acceleration is the scalar invariant magnitude
α2 ≡ −aµaµ, (2.28)
of the four-acceleration aµ,
aµ =
d2xµ
dτ2
, (2.29)
most easily expressed (see e.g. [46], [47]), in two nice forms:
α2 = γ4a2 + γ6(v · a)2, (2.30)
= γ6a2 − γ6(v× a)2 . (2.31)
In the case of straight-line motion, parallel vectors v× a = 0 yield α2 = γ6a2.
In the case of circular motion, the three-acceleration vector is perpendicu-
lar to the three-velocity vector, v · a = 0, and one obtains α2 = γ4a2. The
acceleration ratio, AWL ≡ α2/a2, is given for each worldline in Appendix C.
In the instantaneous rest frame of the accelerating particle, the proper ac-
celeration, α, is the acceleration as measured by a hand-held accelerometer.
It is what is ‘felt’ and is the property of the particle, a Lorentz scalar invariant
in all frames. For a stationary worldline the Lorentz scalar remains constant
and the proper acceleration, α = κ is the curvature, the simplest of the cur-
vature invariants for stationary worldlines (the others being torsion, τ, and
hypertorsion, ν [33]). The power is consequently,
P =
2
3
q2κ2. (2.32)
16
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Stationary Worldlines
3.1 Nulltor
The Nulltor is a linear motion at the world line in 4-dimensional space-time.
Parameters of the particle which moves along this trajectory can be described
through hyperbolic functions :
xµ(s) = κ−1 (sinh(κs), 0, 0, cosh(κs)) . (3.1)
where s is a proper time. The four-dimensional velocity vector is a time like
vector and lies inside the light cone. Due to derivation along time we can
find three components of velocities on the x, y and z axis:
vx =
ds
dt
dx
ds
= 0, (3.2)
vy = 0, (3.3)
vz =
ds
dt
dz
ds
= tanh (κs), (3.4)
and total velocity is:
v2 = v2x + v
2
y + v
2
z = tanh
2 (κs). (3.5)
Three dimensional acceleration components could be found also through
derivation of velocity :
ax =
ds
dt
dvx
ds
= 0 , (3.6)
ay = 0, (3.7)
az =
ds
dt
dvz
ds
= κ sech3(κs). (3.8)
and total acceleration is:
a2 = a2x + a
2
y + a
2
z = κ
2 sech6(κs). (3.9)
Proper time s can described by γ through equation :
1− γ−2 = tanh2 (κs), (3.10)
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here we substitute total velocity Eq. (3.5) with β function which can be de-
scribed through γ. Finally we will get:
s =
√
1
κ
arctan(1− γ−2). (3.11)
Due to expression above we can find more shorter description of velocity and
acceleration, like in Appendix E.
18 Chapter 3. Stationary Worldlines
3.2 Ultrator
Synchrotron radiation , also can be called Ultrator motion, is electromagnetic
radiation and evaporated by charged particle. Synchrotron radiation moving
with relativistic speed along circular trajectory and bent by a magnetic field.
Parametric representation of synchrotron radiation :
xµ(s) = ρ−2 (τ ρ s, κ cos ρs, 0, κ sin ρs) . (3.12)
where ρ2 = τ2 − κ2 . Velocity components in three dimensional space:
vx =
ds
dt
dx
ds
= −κ sin(ρs)
τ
, (3.13)
vy = 0, (3.14)
vz =
ds
dt
dz
ds
=
κ cos(ρs)
τ
, (3.15)
v2 = v2x + v
2
y + v
2
z =
κ2
τ2
. (3.16)
Components of the acceleration:
ax =
ds
dt
dvx
ds
= −κρ
2 sin(ρs)
τ2
, (3.17)
ay = 0, (3.18)
az =
ds
dt
dvz
ds
= −κρ
2 cos(ρs)
τ2
. (3.19)
Total acceleration we find us:
a2 = a2x + a
2
y + a
2
z =
κ2ρ4
τ4
. (3.20)
Also we can find expression of γ in terms of κ and τ:
γ =
1√
1− κ2
τ2
. (3.21)
In Appendix E it is shown components of velocity and acceleration , in case
when proper time is zero.
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3.3 Parator
Here we consider a parator motion which moves along the cusp trajectory.
Cusp - a singular point at which the curved line is divided into two branches
that have the same direction vector at this point. That is, the branches at a
given point have a common tangent and the movement along them initially
occurs in the same direction. Parametric representation of cusp motion in flat
space:
xµ(s) =
(
s +
1
6
κ2s3,
1
2
κs2, 0,
1
6
κ2s3
)
. (3.22)
Derivation of the velocity components in three dimensional space:
vx =
ds
dt
dx
ds
=
2κs
κ2s2 + 2
, (3.23)
vy = 0, (3.24)
vz =
ds
dt
dz
ds
=
κ2s2
κ2s2 + 2
. (3.25)
This gives total velocity:
v2 = v2x + v
2
y + v
2
z =
κ2τ2
(
κ2τ2 + 4
)
(κ2τ2 + 2)2
. (3.26)
Further we examine the components of the acceleration at the same way,
ax =
ds
dt
dvx
ds
=
8κ − 4κ3τ2
(κ2τ2 + 2)3
, (3.27)
ay = 0, (3.28)
az =
ds
dt
dvz
ds
=
8κ2τ
(κ2τ2 + 2)3
. (3.29)
The vector summation gives us:
a2 = a2x + a
2
y + a
2
z =
16κ2
(
κ4τ4 + 4
)
(κ2τ2 + 2)6
. (3.30)
Through Eq. (3.30) we can find relation of the proper time as s = s(γ):
γ = 1+
κ2τ2
2
⇔ τ = κ−1√2γ− 2, (3.31)
obtained by adding Eq. (3.26) into the γ definition.
Finally, we can describe velocity and acceleration components in more
convenient way, through relation between γ and curvature invariants κ and
τ, as it is shown in Appendix E.
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3.4 Infrator
In this section we consider Infrator motion , which has a trajectory of curved
chain and also can be called catenary motion. Catenary is a line, the shape of
which takes a flexible homogeneous chain (hence the name) with fixed ends
in a uniform gravitational field. In geometry, the catenary is the graph of the
hyperbolic cosine function. Parametric representation of catenary or infrator
motion :
xµ(s) = σ−2 (κ sinh(sσ), κ cosh(sσ), 0, sτσ) . (3.32)
where σ2 = κ2 − τ2.Derivation of the velocity in 3-dimensional space:
vx =
ds
dt
dx
ds
= tanh(sσ), (3.33)
vy = 0 , (3.34)
vz =
ds
dt
dz
ds
= vR sech(sσ), (3.35)
where vR = τκ is minimum velocity. Then total velocity :
v2 = v2x + v
2
y + v
2
z =
τ2sech2(sσ)
κ2
+ tanh2(sσ). (3.36)
Further we derive the components of the acceleration :
ax =
ds
dt
dvx
ds
=
σ2
κ
sech3(sσ), (3.37)
ay = 0, (3.38)
az =
ds
dt
dvz
ds
= −σ
2τ
κ2
tanh(sσ)sech2(sσ). (3.39)
Sum of the vectors give us:
a2 = a2x + a
2
y + a
2
z =
σ4τ2 tanh2(sσ)sech4(sσ)
κ4
+
σ4sech6(sσ)
κ2
. (3.40)
If substitute total velocity with β function we can find expression of proper
time:
1− γ−2 = τ
2sech2(sσ)
κ2
+ tanh2(sσ), (3.41)
where proper time s :
s =
1
2σ
ln
(
2
γ2
γ2R
− 2 γ
γR
√
γ2
γ2R
− 1− 1
)
, (3.42)
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where γ−1R =
√
1− v2R. Finally, we can rewrite equation of total acceleration
in more convenient way :
a =
√
γ2τ2 + κ2
γ3
. (3.43)
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3.5 Hypertor
The hypertor motion is a superposition of a uniform synchrotron motion and
a constant linear motion, ultimately forming a spiral trajectory. The path of
particle which moving along this world line has a helix form with slope that
decrease to zero when its proper time equal to zero and increase when proper
time grows. The hypertor motion is specified in world line coordinates by
parametric equations of the form:
xµ(s) =
(
∆
RR+
sinh(R+s),
∆
RR+
cosh(R+s),
κτ
R∆R−
cos(R−s),
κτ
R∆R−
sin(R−s)
)
, (3.44)
where all constants are the combination of three invariant variables:
∆2 ≡ 1
2
(R2 + κ2 + τ2 + ν2) ,
R2 ≡ R2+ + R2− ,
R2± ≡
√
a2 + b2 ± a ,
a =
1
2
(
κ2 − ν2 − τ2
)
, b = κν .
Here we find the velocity of Hypertor in three coordinates as well as others:
vx =
ds
dt
dx
ds
= tanh (R+s) , (3.45)
vy =
ds
dt
dx
ds
= vmin sin (R−s) sech (R+s) , (3.46)
vz =
ds
dt
dz
ds
= vmin cos (R−s) sech (R+s) . (3.47)
where vmin = κτ∆2 is a minimum velocity,
v2 = v2x + v
2
y + v
2
z = 1−
sech2(R+s)
γ2min
, (3.48)
where γ−1min =
√
1− v2min. Further we take derivation again and find acceler-
ation :
ax =
RR+
∆
sech3(R+s), (3.49)
ay =
Rvmin
∆
sech2(R+s)[R+ sin(R−s) tanh(R+s)− R− cos(R−s)], (3.50)
az = −Rvmin∆ sech
2(R+s)[R+ cos(R−s) tanh(R+s) + R− sin(R−s)], (3.51)
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a2 = a2x + a
2
y + a
2
z =
R2sech4(R+s)
∆2
(
R2v2min + R
2
+
sech2(R+s)
γ2min
)
. (3.52)
Then substitute total velocity with β and find proper time :
1− γ−2 = 1− sech
2(R+s)
γ2min
, (3.53)
where proper time s :
s = − 1
R+
cosh−1
(
γ
γmin
)
, (3.54)
and we can also rewrite acceleration components:
a2 =
γ4min
γ4∆2
(
R4v2min +
R2R2+
γ2
)
. (3.55)
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Vacuum Spectra
Stationary world lines are special in part because each have a unique spec-
trum, e.g. Parator is exactly calculable and distinctly non-Planckian. Each
unique motion is a stationary world line solution of the Frenet equations
when the curvature invariants of proper acceleration and proper angular ve-
locity are constant. There is a dearth of papers that have treated these world-
lines over the last four decades1, for instance the exactly solvable motion has
been treated in only a handful of papers: [36], [49]–[57].
As an illustration of the importance of investigating these worldlines, it is
good to remark that the vacuum spectra differ among the stationary world-
lines. For instance, two can be calculated exactly: the Nulltor and Parator
motions which are both one parameter motions (κ only). The vacuuum fluc-
tuation spectrum for the zero torsion case [33], is the same Planckian distri-
bution as found by Unruh [27] for uniform acceleration radiation, and scales
(with ω/κ  1):
1
e2piω/κ − 1 ≈ e
−2piω/κ, with T = κ
2pi
= 0.159κ. (3.56)
The spectrum for the paratorsional worldline is Letawian, with a hotter tem-
perature (by a factor of pi/
√
3 = 1.81), scaling:
e−
√
12ω/κ, with T =
κ√
12
= 0.289κ. (3.57)
The Nulltor and Parator cases both have uniform acceleration of κ, with an
exactly analytic spectrum, recently confirmed in [47].
1A more recent treatment discussing the difficulties in finding a characterization of the
notion of higher order time derivatives of constant proper n−acceleration itself as a Lorentz
invariant statement and its relationship to the Frenet-Serret formalism is given by Pons and
Palol [48].
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Calculating the Power Distribution
4.1 Lienard-Wiechert Potentials
In order to correctly calculate the power distribution, we must take into ac-
count the relativistic effects of a point charge in a field. In this section, we
will find the potentials for moving a point charge, and then in the follow-
ing sections we will find the electric and magnetic fields, where we will use
them to find the angular distribution and finally the power distribution.Also
we will do all our calculation in natural units, then we must remember that
c = 1, e0 = 1/4pi, µ0 = 4pi, where c is the speed of light, e0 and µ0 is a elec-
tric and magnetic constants respectively. Further we will consider moving
particle in the radiated sphere . Lets firstly specified trajectory,
w(t) = position of q at time t. (4.1)
The retarded time (time that take a particle to move from the center) can be
found by the equation
|r−w(t)| = t− tr, (4.2)
where the left side is the distance that radiation travel and right side is the
time it takes to it. We call w(t) as the retarded position of the particle, then
r is the vector from retarded position to the field point r:
r = r−w(t). (4.3)
Now, we can write basic potential equation like:
V(r, t) =
∫
ρ(r′, tr)
r dτ
′ (4.4)
where ρ and τ′ is a density and volume respectively. We can suggest that
retarded potential of point charge is
V(r, t) =
q
r.
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However it is not true, because it did not account relativistic effect. It is true
that r comes outside the integral1, but charge not equal to:
q =
∫
ρ(r′, tr)dτ′. (4.5)
Here we must remember about retarded time (tr = t− r), and for extended
particle the retardation will be written with factor (1− rˆ · v)−1, where v is
the velocity of the charge:∫
ρ(r′, tr)dτ′ =
q
1− rˆ · v , (4.6)
where by extended we mean relativistic growth. For example when linear
object become longer when in move faster or like in our case,
τ′ = τ
1− rˆ · v , (4.7)
where τ is actual volume and τ′ is a apparent volume, and rˆ is a unit of vector
from object to observer. Finally our potential will be :
V(r, t) =
q
r− r · v . (4.8)
where r = rˆr is the vector from retarded position to the field point r and v is
the velocity of charge at the retarded time. Also vector potential will be:
A(r, t) =
∫
ρ(r′, tr)v(tr)
r dτ
′ = vr
∫
ρ(r′, tr)dτ′, (4.9)
or
A(r, t) =
qv
r− r · v = vV(r, t). (4.10)
These equations are Lienard-Wiechert potentials for a moving point charge.
1There is r have change in its functional dependence: r = |r − r′| before integration,
r′ = w(tr) and r = |r−w(tr)| after integration is a function of r and t.
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4.2 The field of a moving charge
To calculate the electric and magnetic fields of charge in natural units (c =
1, e0 = 1/4pi, µ0 = 4pi), we are use the Lienard-Wiechert potentials:
V(r, t) =
q
(r− r · v) , A(r, t) = v V(r, t), (4.11)
and substitute them in Maxwell equations for electric and magnetic fields:
E = −∇V − ∂A
∂t
, B = ∇× A. (4.12)
Further we will use the equations like:
r = r−w(tr), and v = w(tr), (4.13)
where tr is retarted time. We can write fuction of r and t like:
|r−w(tr)| = t− tr. (4.14)
Firstly let’s start from gradient of potential V:
∇V = − q
(r− r · v)2∇(r− r · v). (4.15)
By taking derivation of r = t− tr,
∇r = −∇tr. (4.16)
Second term of product gives,
∇(r · v) = (r · ∇)v+ (v · ∇)r+ r× (∇× v) + v× (∇× r). (4.17)
We will derive each term of Eq. (4.17) separately and add it together at the
end. First term of Eq. (4.17) gives
(r · ∇)v =
(
rx
∂
∂x
+ ry
∂
∂y
+ rz
∂
∂z
)
v(tr) =
rx
dv
dtr
∂tr
∂x
+ ry
dv
dtr
∂tr
∂y
+ rz
dv
dtr
∂tr
∂z
= a(r · ∇tr),
(4.18)
where a = v˙ is the acceleration at the retarded time of the particle. Second
term of Eq. (4.17) gives
(v · ∇)r = (v · ∇)r− (v · ∇)w, (4.19)
and
(v · ∇)r =
(
vx
∂
∂x
+ vy
∂
∂y
+ vz
∂
∂z
)
(xxˆ+ yyˆ+ zzˆ) =
vx xˆ+ vyyˆ+ vzzˆ = v
(4.20)
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while
(v · ∇)w = v(v · ∇tr). (4.21)
Third term of Eq. (4.17) gives
∇v =
(
∂vz
∂y
− ∂vy
∂z
)
xˆ+
(
∂vx
∂z
− ∂vz
∂x
)
yˆ+
(
∂vy
∂x
− ∂vx
∂y
)
zˆ =(
dvz
dtr
∂tr
∂y
− dvy
dtr
∂tr
∂z
)
xˆ+
(
dvx
dtr
∂tr
∂z
− dvz
dtr
∂tr
∂x
)
yˆ+
(
dvy
dtr
∂tr
∂x
− dvx
dtr
∂tr
∂y
)
zˆ =
−a×∇tr.
(4.22)
Finally forth term gives
∇× r = ∇× r−∇×w, (4.23)
where ∇× r = 0, while
∇×w = −v×∇tr. (4.24)
If we put all terms together and reduce them by using "BAC-CAB" rule, we
get
∇(r · v) = a(r · ∇tr) + v− v(v · ∇tr)− r× (a×∇tr) + v× (v×∇tr) =
v+ (r · a− v2)∇tr.
(4.25)
Collecting together Eq. (4.17) and Eq. (4.15), we find
∇V = q
(r− r · v)2
[
v+ (1− v2 + r · a)∇tr
]
. (4.26)
Now we must find ∇tr. This can be done by expanding Eq. (4.16):
−∇tr = ∇r = ∇
√
r · r = 1
2
√
r · r∇(r · r) =
1
r [(r · ∇)r+ r× (∇× r)] .
(4.27)
and
(r · ∇)r = r− v(r · ∇tr), (4.28)
while
∇× r = (v×∇tr). (4.29)
Thus
−∇tr = 1r [r− v(r · ∇tr) + r× (v×∇tr)] =
1
r [r− (r · v)∇tr] , (4.30)
and hence
∇tr = − rr− r · v . (4.31)
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Finally gradient of potential V will be :
∇V = q
(r− r · v)3
[
(r− r · v)v− (1− v2 + r · a)r
]
. (4.32)
By using the same way of calculation we can find derivation of vector poten-
tial A by time t:
∂A
∂t
=
q
(r− r · v)3
[
(r− r · v)(−v+ ra) + r(1− v2 + r · a)r
]
. (4.33)
By combing our results we get electric field,
E(r, t) =
qr
(r · u)3 [(1− v
2)u+ r× (u× a)], (4.34)
where vector u = rˆ− v. Also we can find magnetic field of particle:
B = ∇× A = ∇× (Vv) = V(∇× v)− v× (∇V), (4.35)
here we know the answers of ∇× v and ∇V from previous calculation.
B = ∇× A = q
(u · r)3 r× [(1− v
2)v+ (r · a)v+ (r · u)a], (4.36)
further we use "BAC-CAB" rule to combine and reduce description of mag-
netic field. Since r crossed to all terms, we can change v into −u and get,
B(r, t) = rˆ× E(r, t). (4.37)
Here we can see that B is always perpendicular to E and to the vector from
retarded point.
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4.3 The angular distribution of radiated power
In this section we derived angular distribution of radiated power in natural
units (c = 1, e0 = 1/4pi, µ0 = 4pi). Griffiths [58] demonstrated derivation of
the electric field of a point charge in arbitrary motion, by using the Lienard-
Wiechert potentials, where he found:
E(r, t) =
qr
(r · u)3 [(1− v
2)u+ r× (u× a)], (4.38)
where r is a retarded vector (from retarded position to the field point r), and
u = rˆ− v. The first term called velocity field, and the second is acceleration
field
B(r, t) = rˆ× E(r, t). (4.39)
By adding them in Poynting vector :
S =
1
4pi
(E× B) = 1
4pi
[E× ( rˆ× E)] = 1
4pi
[E2 rˆ− ( rˆ · E)E] (4.40)
The surface of radiated sphere is proportional to r2, so any results of Poynt-
ing vector that goes like 1/r2 will give us finite answer, however other terms
like 1/r3, 1/r4 and so on will not give us nothing in the case r goes to in-
finity. For this reason only second term called acceleration field(other name
radiation field) give us real solution of field:
Erad =
qr
(r · u)3 [r× (u× a)] (4.41)
As the radiation field is perpendicular to rˆ, second terms of Poynting vector
will be zero:
Srad =
1
4pi
E2rad rˆ. (4.42)
Now we must count that the rate of energy which pass through the sphere is
different from energy rate which left the charge. Situation is the same as in
the Doppler effect. Because of moving sphere we will add in our calculation
extra term like: r · u
r = 1− rˆ · v (4.43)
The power emitted by particle in area r2 sin θdθdφ = r2dΩ on the sphere
finally is given by:
dP
dΩ
=
( r · u
r
) 1
4pi
E2rad r
2 =
q2
4pi
| rˆ× (u× a)|2
( rˆ · u)5 , (4.44)
where Ω is the solid angle in which direction the power is emitted.
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4.4 The radiated power
For a charge in relativistic motion the power distribution has a well-known
(e.g. Jackson [59]), result (using the notation of Griffiths [58]) with the intri-
cate vector algebra details in Appendix D,
dP
dΩ
=
q2
4pi
| rˆ× (u× a)|2
( rˆ · u)5 . (4.45)
Two types of relativistic effects are present: (1) the spatial relationship be-
tween the velocity and acceleration and (2) the transformation between the
instantaneous rest frame of the particle to the observer.2 The relevant deriva-
tives for each worldline are given in Appendix E. We define the power dis-
tribution function IWL(θ, φ),
dP
dΩ
≡ 2
3
q2κ2 IWL(θ, φ), (4.46)
so that for any particular worldline, the function IWL satisfies the relation,∫ 2pi
0
∫ pi
0
IWL sinθdθdφ = 1. (4.47)
The total radiating power is therefore given by a constant,
P =
2
3
q2κ2. (4.48)
Computing the power distribution, Eq. (4.45), requires straightforward but
involved vector algebra. We have done this work and the results for each
class of motion are in Appendix F, where we include the simplified exact
algebraic answers, the main results of this paper. Furthermore, we resolve
two dimensional polar plots φ = 0, and 3D plots of the shape of the light for
various speeds in Appendix H and Appendix I, respectively.
Recently, a claim of experimental evidence of thermalized radiation re-
action at the Fulling - Davies - Unruh temperature 2piT = κ, has been an-
nounced [60] . The researchers discovered a vacuum Larmor formula and
power spectrum that are thermalized by the acceleration. Their results un-
derscore the importance of investigating Larmor radiation with uniform ac-
celeration (i.e. the rectilinear case of Nulltor), in the context of the Unruh
effect.
2The denominator terms constitutes this dominant effect for ultra-relativistic motion.
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Some Further Results
5.1 Scaling at High Speeds
The intensity of maximum radiation in the ultra-relativistic case, (γ→ ∞),
f ≡ (dP/dΩ|θ=θmax)ultra-rel
(dP/dΩ|θ=θmax)rest
, (5.1)
is known for rectilinear motion, see e.g. Griffiths [58]. The angle θmax at
which maximum radiation is emitted occurs when
d
dθ
[ dP
dΩ
]
= 0. (5.2)
Calculation of derivative for all world lines was done with respect to the
angle θ in the plane φ = 0, except hypertor, since its φ range is between 0 and
2pi. After numerical and graphical analysis we find the solution angles and
expand them for the high speed limit,
θnulltormax =
1
2γ
+O
(
1
γ2
)3/2
, (5.3)
θ
parator
max =
√
2
γ
+O
(
1
γ
)3/2
, (5.4)
For the case of Nulltor and Parator motions, the answer does not depend on
curvature invariants, and we will always get the same maximum angle. For
the case of Infrator and Hypertor motions we removed the constant variables
κ, τ, and ν, because they do not affect the final scaling results with respect to
γ. If we substitute values for the curvature invariants the same series by
order gamma with different numerical coefficients result. For this reason,
the maximum angle for Infrator and Hypertor motions below are shown to
leading order in gamma,
θinfratormax ∼
1
γ
+O
(
1
γ2
)3/2
, (5.5)
θ
hypertor
max ∼ 1
γ
+O
(
1
γ2
)3/2
. (5.6)
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The case of Ultrator is trivial as the radiation is always maximally beamed
along θultratormax = 0 for a stationary worldline with circular spatial projection,
as φ ranges from 0 to 2pi. These expressions demonstrate the maximum an-
gle scaling for the aforementioned trajectories, placing emphasis on the γ−1/2
scaling of Parator. The slow scaling (relative to rectilinear motion) here ex-
plains the physics behind the delayed collimation of radiation at high speeds
that can be seen in the polar plot, φ = 0, in Appendix H. The outlier case of
Parator is also corroborated by the different scaling in the simple calculation
of Thomas precession for the worldlines given in Appendix G. The γ−1 re-
sult for Infrator and Hypertor corresponds to the usual beaming that occurs
in rectilinear motion at high speeds.
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5.2 Thomas precession
Tomas precession is a kinematic effect of the special relativity in the flat
spacetime, which demonstrates the changes in the orientation of vectors in
the non-inertial frame. Used by Llewellyn Thomas in 1926 to explain the
spin-orbit interaction of an electron in the atom. If a force acting on a rotat-
ing gyroscope and its speed changes , but there is no moment of force, then
in classical mechanics such moving gyroscope will maintain the orientation
of its own angular momentum (spin). In the theory of relativity, this is no
longer the case, and as the gyroscope changes its speed, its spin vector will
also change. Mathematically, this effect is associated with the group proper-
ties of the Lorentz transformations.
In 1926 in "Nature" journal, Thomas published a notes [61], where he ex-
plained the deviation of the measurement data by a factor of 1/2 , from the
predictions of the structure of the hydrogen atom linked by spin-orbit split-
ting with Larmor precession. The work attracted great attention and the ef-
fect of the precession of the coordinate system during accelerated motion be-
came known as the “Thomas precession”. The only source that was known
to Thomas was De Sitter’s work on the precession of the moon, published by
Arthur Eddington [62].
Lets consider particle in the lab frame where observer can measure its
relativistic motion. At each moment of time our particle has an inertial frame
where it will be at the rest. In this lab frame velocity of the particle will be
bounded by the speed of light (0 ≤ v(t) < c) , where t is a coordinate time.
Speed of the particle can have any magnitude , except of the upper limit c,
and not necessarily constant. Precession of the particle with angular velocity
will give:
ωT =
1
c2
(
γ2
γ+ 1
)
a× v (5.7)
where sign between a and v is the cross product and γ is a Lorentz factor, a
function of the instantaneous velocity.
γ =
1√
1− |v(t)|
2
c2
, (5.8)
here angular velocity (ωT) is a pseudovector and its magnitude is radians
per second with direction along the rotation axis. In cross product we use the
right-hand rule. In Appendix G we find six type of Thomas precession in all
case of motions with approximations.
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Conclusions
We have found the power distributions for light emitted by a point charge
undergoing uniform acceleration for all five classes of stationary worldlines,
including those with torsion and hypertorsion. After computing their proper
accelerations and confirming that all of stationary motions have values equal
to κ (as they should be!), we have calculated acceleration ratios, minimum
velocities and confirmed the results with constant power emission.
We have graphically illustrated the emitted radiation from the uniformly
accelerated trajectories. Using the widest range of speeds, ranging from rest
to near the speed of light, the illustrations are made in two and three dimen-
sional space. After numerical and graphical analysis we found the maximum
angle at which radiation is emitted at high speeds.
Additionally, in the Appendices of this work we have included worldline
plots of all systems with four-vector functions xµ(s), specifying the coordi-
nates of each proper time point s on the curve and special projections of their
general trajectory equations including curvature, torsion and hypertorsion.
Finally, we have derived Thomas precession for all classes of stationary
worldliness, as it is important as a relativistic correction and a kinematic ef-
fect in the flat spacetime of special relativity. Its importance is underscored by
its algebraic origin as a result of the non-commutativity of Lorentz transfor-
mations, and its accounting of relativistic time dilation between the electron
and nucleus of an atom, giving the right correction to the spin-orbit interac-
tion in quantum mechanics.
Uniform accelerated motion was crucial for construction of the equiva-
lence principle in general relativity. Motivated by the fact that investigations
into uniform acceleration has yielded insights into gravity, thermodynam-
ics and quantum field theory, we hope that this study may be an incipient
direction that can lead toward further insights into the basic radiation emit-
ted from fundamental uniformly accelerated motion (in electrodynamics1 or
otherwise).
These solutions are exact results in classical electrodynamics and may be
a first step toward a better understanding (or disentangling) related radiation
effects like Letaw’s vacuum spectra, Unruh’s uniform acceleration radiation
with torsion, or Davies-Fulling moving mirror radiation.
Further work along this direction includes the computation of radiation
reaction for each of the five classes of stationary worldline motions. This can
1For an interesting and recent paper on paradoxes involving the electric field of a uni-
formly accelerating charge see [63] and references therein.
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be interesting to address because results may be used to contrast with the
consensus example that Nulltor radiates without radiation reaction (a nice
book on uniformly accelerated point charges including much discussion of
this example was written by Lyle [64]). Other extensions include investiga-
tion into the intensity spectrum distribution, and maximum intensity mea-
sure.
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Worldline Plots
Nulltor
xµ(s) = κ−1 (sinh(κs), 0, 0, cosh(κs)) . (A.1)
z
t
FIGURE A.1: The hyperbola, of the uniformly accelerated spa-
tially rectilinear worldline.
Ultrator
xµ(s) = ρ−2 (τ ρ s, κ cos ρs, 0, κ sin ρs) . (A.2)
FIGURE A.2: The helix, 3D parametric plot of the uniformly
accelerated spatially circular worldline.
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Parator
xµ(s) =
(
s +
1
6
κ2s3,
1
2
κs2, 0,
1
6
κ2s3
)
. (A.3)
FIGURE A.3: The cusp world line which is spatially a semi-
cubic parabola plotted in a 3D parametric plot.
Infrator
xµ(s) = σ−2 (κ sinh(sσ), κ cosh(sσ), 0, sτσ) . (A.4)
FIGURE A.4: The infrator worldline (spatial catenary) plotted
in a 3D parametric plot.
Hypertor
The Hypertor worldline is 3+1 dimensional, and so cannot be plotted on a 3D
plot. Its worldline function is written down explicitly in Letaw (1980): [33].
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Spatial Projections
Nulltor: Line
For the zero torsional worldline whose spatial projection is just a line, its
direction has been assigned to the x-axis in this work.
Ultrator: Circle
z = ±
√
κ2
(τ2 − κ2)2 − x
2 (B.1)
-1.0 -0.5 0.5 1.0 x
-1.0
-0.5
0.5
1.0
z
FIGURE B.1: The spatial Ultrator plot with invariants τ > κ for
τ = 1 and κ = 3/5, with radius R = κ
ρ2
= 15/16.
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Parator: Cusp
z =
√
2κ
3
x3/2 (B.2)
0.2 0.4 0.6 0.8 1.0
x
-0.4
-0.2
0.2
0.4
z
FIGURE B.2: The spatial Parator plot with invariants κ = τ = 1.
Infrator: Catenary
z =
τ
κ2 − τ2 cosh
−1
[
x(κ2 − τ2)
κ
]
(B.3)
1.0 1.5 2.0 2.5 3.0
x
-0.5
0.5
z
FIGURE B.3: Two dimensional catenary plot with invariants
τ < κ for τ = 1, κ = 2 of the Infrator motion.
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Hypertor: Helix with Variable Pitch
Parametric equations:
x =
∆
RR+
cosh(R+s), (B.4)
y =
κτ
R∆R−
cos(R−s), (B.5)
z =
κτ
R∆R−
sin(R−s). (B.6)
where variable ∆ and others are shown in Appendix C.
FIGURE B.4: Spatial Projection of the Hypertorsional worldline
with τ = 10, ν = κ = 1. Proper time ranges from −1 to 1.
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Acceleration Ratios
The acceleration ratio is defined simply as A2 ≡ α2/a2.
Nulltor
A2line = γ
6. (C.1)
Ultrator
A2circle = γ
4, v ≡ κ/τ. (C.2)
Parator
A2cusp =
γ6
γ2 − 2γ+ 2, κ = τ. (C.3)
Infrator
A2cat =
γ6
1+ γ2v2R
, vR ≡ τ/κ. (C.4)
Hypertor
A2hyper =
γ4κ3τ
R2γ4minvmin
(
R2v2min +
R2+
γ2
) , (C.5)
γmin ≡ (1− v2min)−1/2, vmin ≡
κτ
∆2
, (C.6)
∆2 ≡ 1
2
(R2 + κ2 + τ2 + ν2) , (C.7)
R2 ≡ R2+ + R2− , (C.8)
R2± ≡
√
a2 + b2 ± a , (C.9)
a =
1
2
(
κ2 − ν2 − τ2
)
, b = κν . (C.10)
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Details to find Angular
Distribution
The necessary tools for determining the stationary worldline power distribu-
tions,
dP
dΩ
=
q2
4pi
| rˆ× (u× a)|2
( rˆ · u)5 , (D.1)
are shown in the following. Here
rˆ× (u× a) = ( rˆ · a)u− ( rˆ · u)a, (D.2)
so that
| rˆ× (u× a)|2 = ( rˆ · a)2u2 − 2(u · a)( rˆ · a)( rˆ · u) + ( rˆ · u)2a2. (D.3)
Using the definitions, including r ≡ r − r′, (the vector from a source point r′
to a field point r), where the source point is our origin, r′ = 0,
rˆ ≡ r− r
′
|r− r′| = rˆ ≡ sin θ cos φxˆ+ sin θ sin φyˆ+ cos θzˆ, (D.4)
u ≡ rˆ− v, (D.5)
one finds the terms in the order that they appear,
rˆ · a = ax sin θ cos φ+ ay sin θ sin φ+ az cos θ, (D.6)
u2 = ( rˆ− v)2 = 1− 2(vx sin θ cos φ+ vy sin θ sin φ+ vz cos θ) + v2, (D.7)
u · a = ( rˆ− v) · a, (D.8)
= ax sin θ cos φ+ ay sin θ sin φ+ az cos θ (D.9)
−vxax − vyay − vzaz, (D.10)
rˆ · u = rˆ2 − rˆ · v = 1− vx sin θ cos φ− vy sin θ sin φ− vz cos θ, (D.11)
a2 = a2x + a
2
y + a
2
z, v
2 = v2x + v
2
y + v
2
z. (D.12)
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Appendix E
Derivatives of the Stationary
Worldlines
Nulltor
The rectilinear values for the component velocities and accelerations are,
ax = 0, ay = 0, az = − κ
γ3
, (E.1)
vx = 0, vy = 0, vz = β. (E.2)
Ultrator
The values for the component velocities and accelerations are (at proper time
moment s = 0, axis chosen such that vz = vzˆ and ax = axˆ), using β = κ/τ,
ax = − κ
γ2
, ay = 0, az = 0, (E.3)
vx = 0, vy = 0, vz = β. (E.4)
Parator
The values for the component velocities and accelerations are,
ax = − (γ− 2)κ
γ3
, ay = 0, az =
√
2γ− 2κ
γ3
, (E.5)
vx = γ−1
√
2(γ− 1), vy = 0, vz = 1− γ−1. (E.6)
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Infrator
The values for the component velocities and accelerations are,
ax =
σ2
κ
sech3(sσ), ay = 0, az = −σ
2τ
κ2
tanh(sσ)sech2(sσ), (E.7)
vx = tanh(sσ), vy = 0, vz = vRsech(sσ), (E.8)
where s = 12σ ln
(
2 γ
2
γ2R
− 2 γγR
√
γ2
γ2R
− 1− 1
)
.
Hypertor
The hypertor values with proper time for the component velocities and ac-
celerations are,
ax =
RR+
∆
sech3(R+s) ,
ay =
Rvmin
∆
sech2(R+s)[R+ sin(R−s) tanh(R+s)− R− cos(R−s)] ,
az = −Rvmin∆ sech
2(R+s)[R+ cos(R−s) tanh(R+s) + R− sin(R−s)] , (E.9)
vx = tanh (R+s) , vy = vmin sin (R−s) sech (R+s) ,
vz = vmin cos (R−s) sech (R+s) , (E.10)
where s = − 1R+ cosh−1
(
γ
γmin
)
.
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Compilation of Power
Distributions
Nulltor
Inull =
3
8piγ6
sin2θ
(1− βcosθ)5 . (F.1)
Ultrator
Iultra =
3
8pi
(1− βcosθ)2 − (1− β2)sin2θcos2φ
γ4(1− βcosθ)5 . (F.2)
Parator
Ipara ≡ λ1 + λ2cosφ+ λ3cos
2φ
(cosφ+ λ4) 5
, (F.3)
λ0 = − 3
8piγ
√
2γ1
5sin5θ
, (F.4a)
λ1 = λ0 [2+ γγ2 + γ1cosθ (γ3cosθ − 2γ2)] , (F.4b)
λ2 = −2λ0
√
2γ1sinθ (γ1 − γ2cosθ) , (F.4c)
λ3 = 2λ0γ3/2 sin
2θ, (F.4d)
λ4 =
γ1cosθ − γ√
2γ1sinθ
, (F.4e)
γn ≡ γ− n (F.5)
n = 1, 2, 3, 3/2 (F.6)
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Infrator
Iinfra =
3
8piR(θ, φ)5
[
C2 F(θ, φ)2 + 2 C1F(θ, φ)G(θ, φ)− 1
γ2
G(θ, φ)2
]
, (F.7)
G(θ, φ) =
sin(θ) F(θ, φ)
R(θ, φ)
(cos(φ)− vR sin(φ) sinh(α)) , (F.8a)
F(θ, φ) = (1− v2R) sech3(α) R(θ, φ) , (F.8b)
R(θ, φ) = 1− vR sin(θ) sin(φ) sech(α) + sin(θ) cos(φ) tanh(α) ,(F.8c)
C1 = (1− v2R) tanh(α) , (F.9a)
C2 = v2R sinh
2(α) + 1 , (F.9b)
α =
1
2
ln(2 ξ η − 1) , (F.10a)
η =
√
ξ2 − 1+ ξ , (F.10b)
ξ = γ
√
1− v2R . (F.10c)
Hypertor
Ihyper =
3
8piκ2Q5(θ, φ)
[
C1Q2(θ, φ) + 2 C2Q(θ, φ)P(θ, φ)− 1
γ2
P2(θ, φ)
]
,(F.11)
Q(θ, φ) = 1− A1 cos(θ)− A2 sin(θ) cos(φ) + A3 sin(θ) sin(φ) ,(F.12a)
P(θ, φ) = F2 cos(θ) + B2 sin(θ) cos(φ) + F1 sin(θ) sin(φ) , (F.12b)
A1 = vminb cos(Ωγ) , (F.13a)
A2 =
√
1− b2 , (F.13b)
A3 = vminb sin(Ωγ) , (F.13c)
B1 = b(A2A3D1 − A1D2) , (F.14a)
B2 = D1b3 , (F.14b)
B3 = b(A3D2 + A2A1D1) , (F.14c)
48 Appendix F. Compilation of Power Distributions
C1 = B22 + B
2
1 + B
2
3 , (F.15a)
C2 = −A2B2 + A3B1 + A1B3 , (F.15b)
D1 =
R R+
∆
, (F.16a)
D2 =
R R−
∆
, (F.16b)
Ωγ =
R−
R+
cosh−1(1
b
) , b =
γmin
γ
, (F.17a)
vmin =
κ τ
∆2
, γmin =
1√
1− v2min
, (F.18a)
R =
√
R2+ + R2− , (F.19a)
R2+ =
1
2
(κ2 − ν2 − τ2) +
√
κ2 τ2 +
1
4
(κ2 − ν2 − τ2)2 , (F.20a)
R2− = −
1
2
(κ2 − ν2 − τ2) +
√
κ2 τ2 +
1
4
(κ2 − ν2 − τ2)2 . (F.20b)
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Thomas Precession
Using the crossproduct definition of proper acceleration, α2 = γ6a2− γ6(v×
a)2, the definition of Thomas precession, (γ+ 1)2ω2T = γ
4(v× a)2, and the
fact that stationary worldlines have constant acceleration, α = κ, one finds:
γ2(γ+ 1)2ω2T = γ
6a2 − κ2. (G.1)
Applying this to the worldlines gives the Thomas precession and the lowest
order term in β:
Nulltor
ωT = 0. (G.2)
Ultrator
ωT =
κβ
γ+ 1
≈ κβ
2
. (G.3)
Parator
ωT =
κ
γ
(
γ− 1
γ+ 1
)
≈ κβ
2
4
. (G.4)
Infrator
ωT =
τ
γ+ 1
≈ τ
2
=
κβR
2
. (G.5)
Hypertor
ωT =
√
γ6a2H − κ2
γ(γ+ 1)
. (G.6)
The quantity aH is the magnitude of the 3-acceleration of Hypertor 1:
aH ≡
γ2min
γ2
R
∆
√
R2+
γ2
+ R2v2min.
1The variable γmin and others are described in Appendix F.
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Polar Distribution Plots
Nulltor
FIGURE H.1: Rectilinear Angular Distribution; A polar plot
with β = 0.0, 0.33, 0.66, 0.99. The vertical axes is x and the hori-
zontal axis is z. The electron moves forward along the z straight
line direction.
Ultrator
FIGURE H.2: Synchrotron Angular Distribution; A polar plot
with β = 0, 0.33, 0.66, 0.99. The vertical axes is x and the hori-
zontal axis is z. The electron moves forward in a circle toward
the horizontal z axis. Notice each graph is a different worldline
as the shape remains the same along a constant v stationary
worldline.
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Parator
FIGURE H.3: Cusp Angular Distribution; A polar plot with β =
0.0, 0.333, 0.666, 0.999. The vertical axes is x and the horizontal
axis is z. The electron moves in both dimensions.
Infrator
FIGURE H.4: Catenary Angular Distribution; The catenary
hangs as a chain would with the vertical axis x and horizon-
tal axis as z. A polar plot with vR = 0.0001 and β = 0.001, 0.333,
0.665, 0.997. The electron moves in both dimensions but at high
speeds moves mostly in the x-direction (thus the reason for the
beaming in the x-direction).
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FIGURE H.5: Catenary Angular Distribution; Additional tor-
sion is added with substantial Rindler drift: vR = 0.25. Here
β = 0.251, 0.500, 0.749, 0.998 for the four plots respectively.
FIGURE H.6: Catenary Angular Distribution; The Rindler drift
requires an initial starting speed β > vR. Here vR = 0.333, and
β = 0.334, 0.555, 0.776, 0.997.
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Power Distributions 3D Plots
Nulltor
FIGURE I.1: 3-Dimensional Angular Distribution; A polar plot
with β = 0.3, 0.6, 0.9. The electron moves forward along the +z
direction. The plot range is θ = [0,pi] and φ = [0,pi].
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Ultrator
FIGURE I.2: Synchrotron Angular Distribution in 3D; A spher-
ical 3D plot with β = 0.3, 0.6, 0.9. The electron moves in the
z direction, but around the x axis in circular motion. The plot
range is θ = [0,pi] and φ = [0,pi].
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Parator
FIGURE I.3: Cusp Angular Distribution; A polar plot with
β = 0.3, 0.6, 0.9. The electron moves between x and z dimen-
sions,directed as resulting vector. The plot range is θ = [0,pi]
and φ = [0,pi].
Infrator
FIGURE I.4: Catenary Angular Distribution; Additional torsion
is added with substantial Rindler drift: vR = 0.2. Here β = 0.3,
0.6, 0.9 . Direction of electron appear as resulting vector from
components along x and z dimensions. The plot range is θ =
[0,pi] and φ = [0,pi].
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Hypertor
FIGURE I.5: Helix Angular Distribution; κ = 1, τ = ν = 0.1,
β = 0.3, 0.6, 0.9 . The plot range is θ = [0,pi] and φ = [0,pi].
FIGURE I.6: Hypertor Angular Distribution with invariants :
κ = 1, τ = ν = 0.5, and speed β = 0.3, 0.6, 0.9 . The plot range
is θ = [0,pi] and φ = [0,pi].
57
References
[1] J. C. Maxwell, “A dynamical theory of the electromagnetic field”, Royal
Society, vol. 90, p. 11, 1865.
[2] J. Larmor, “On the theory of the magnetic influence on spectra; and on
the radiation from moving ions”, Philosophical Magazine, vol. 44, p. 503,
1897.
[3] H. Bondi and T. Gold, “The field of a uniformly accelerated charge,
with special reference to the problem of gravitational acceleration”,
Proc. Roy. Soc., vol. 229, p. 416, 1955.
[4] D. G. Bruns, “Gravitational Starlight Deflection Measurements during
the 21 August 2017 Total Solar Eclipse”, Class. Quantum Grav., vol. 35,
2018.
[5] M. Born, “The theory of the rigid electron in the cinematics of the rela-
tivity principle”, Ann. Phys. Lpz., vol. 30, p. 39, 1909.
[6] E. Wiechert, “Elektrodynamische Elementargesetze”, Annalen der Physik,
vol. 309, p. 667, 1901.
[7] F. Rohrlich, Classical Charged Particle. Addison-Wesley., 1965.
[8] R. Fritz, “The principle of equivalence”, Annals of Physics, vol. 22, p. 169,
1963.
[9] P. C. W. Davies and S. A. Fulling, “Radiation from Moving Mirrors and
from Black Holes”, Proc. Roy. Soc. , vol. 356, p. 237, 1977.
[10] S. A. Fulling and P. C. W. Davies, “Radiation from a Moving Mirror in
Two Dimensional Space-Time: Conformal Anomaly”, Proc. Roy. Soc. ,
vol. 348, no. 1654, p. 393, 1976.
[11] S. W. Hawking, “Particle Creation by Black Holes”, Commun. Math.
Phys., vol. 43, p. 199, 1975.
[12] M. R. R. Good and E. V. Linder, “Slicing the Vacuum: New Accelerating
Mirror Solutions of the Dynamical Casimir Effect”, Physical Review D,
vol. 96, no. 12, p. 125 010, 2017. arXiv: 1707.03670 [gr-qc].
[13] M. R. R. Good, Y. C. Ong, A. Myrzakul, and K. Yelshibekov, “Giant
tortoise coordinate”, 2018. arXiv: 1801.08020 [gr-qc].
[14] M. R. R. Good, “Reflecting at the speed of light”, in Memorial Volume for
Kerson Huang, K. K. Phua, H. B. Low, and C. Xiong, Eds., 2017, pp. 113–
116. arXiv: 1612.02459 [gr-qc].
[15] M. R. R. Good and E. V. Linder, “Eternal and evanescent black holes
and accelerating mirror analogs”, Physical Review D, vol. 97, no. 6, p. 065 006,
2018. arXiv: 1711.09922 [gr-qc].
58 REFERENCES
[16] M. R. R. Good, P. R. Anderson, and C. R. Evans, “Mirror reflections of
a black hole”, Physical Review D, vol. 94, no. 6, p. 065 010, 2016. arXiv:
1605.06635 [gr-qc].
[17] M. R. R. Good, “Reflections on a black mirror”, in Proceedings, 2nd
LeCosPA Symposium, 2017, pp. 560–565. arXiv: 1602.00683 [gr-qc].
[18] M. R. R. Good, P. R. Anderson, and C. R. Evans, “Black hole - mov-
ing mirror ii: Particle creation”, in Proceedings, 14th Marcel Grossmann
Meeting, vol. 2, 2017, pp. 1705–1708. arXiv: 1507.05048 [gr-qc].
[19] P. R. Anderson, M. R. R. Good, and C. R. Evans, “Black hole - moving
mirror i: An exact correspondence”, in Proceedings, 14th Marcel Gross-
mann Meeting, vol. 2, 2017, pp. 1701–1704. arXiv: 1507.03489 [gr-qc].
[20] M. R. R. Good, “On spin-statistics and bogoliubov transformations in
flat spacetime with acceleration conditions”, Int. J. Mod. Phys.A, vol. 28,
2013. arXiv: 1205.0881 [gr-qc].
[21] M. R. R. Good, C. Xiong, A. J. K. Chua, and K. Huang, “Geometric
creation of quantum vorticity”, New J. Phys., vol. 18, no. 11, p. 113, 2016.
arXiv: 1407.5760 [gr-qc].
[22] M. R. R. Good, P. R. Anderson, and C. R. Evans, “Time dependence of
particle creation from accelerating mirrors”, Physical Review D, vol. 88,
no. 2, p. 025 023, 2013. arXiv: 1303.6756 [gr-qc].
[23] M. R. R. Good, K. Yelshibekov, and Y. C. Ong, “On horizonless temper-
ature with an accelerating mirror”, Journal of High Energy Physics, vol.
2017, no. 3, p. 13, 2017. arXiv: 1611.00809 [gr-qc].
[24] M. R. R. Good, “Spacetime continuity and quantum information loss”,
Universe, vol. 4, no. 11, 2018.
[25] A. Myrzakul and M. R. R. Good, “Unitary evaporation via modified
Regge - Wheeler coordinate”, Proceedings, 15th Marcel Grossmann Meet-
ing, arXiv: 1807.10627 [gr-qc].
[26] M. R. R. Good and E. V. Linder, “Finite Energy but Infinite Entropy Pro-
duction from Moving Mirrors”, Phys. Rev.D, vol. 99, no. 2, p. 025 009,
2019. arXiv: 1807.08632 [gr-qc].
[27] W. G. Unruh, “Notes on black-hole evaporation”, Phys. Rev. D, vol. 14,
p. 870, 1976.
[28] T. H. Boyer, “Thermal effects of acceleration through random classical
radiation”, Phys. Rev. D , vol. 21, p. 2137, 1980.
[29] L. Crispino, A. Higuchi, and G. Matsas, “The Unruh effect and its ap-
plications”, Rev. Mod. Phys, vol. 80, p. 787, 2008.
[30] I. Pena and D. Sudarsky, “On the Possibility of Measuring the Unruh
Effect”, Foundations of Physics, vol. 44, p. 689, 2014.
[31] M. B. Mensky, “Relativistic quantum measurements, the Unruh effect,
and black holes”, Theor Math Phys, vol. 115, p. 215, 1998.
REFERENCES 59
[32] J. R. Letaw and J. D. Pfautsch, “Quantized scalar field in rotating coor-
dinates”, Physical Review D, vol. 22, p. 1345, 1980.
[33] J. R. Letaw, “Stationary world lines and the vacuum excitation of non-
inertial detectors”, Phys. Rev. D, vol. 23, p. 1709, 1981.
[34] M. Good, M. Temirkhan, and T. Oikonomou, “Stationary Worldline
Power Distributions”, unpublished, 2019.
[35] J. S. Schwinger, “On the Classical Radiation of Accelerated Electrons”,
Phys. Rev., vol. 75, p. 1912, 1949.
[36] H. C. Rosu, “Stationary and nonstationary scalar vacuum field noises.”,
Nuovo Cim. B, vol. 115, p. 1049, 2000.
[37] J. R. Letaw and J. D. Pfautsch, “The stationary coordinate systems in
flat spacetime”, J.Math.Phys., vol. 23, p. 425, 1982.
[38] C. Xiong, M. R. R. Good, Y. Guo, X. Liu, and K. Huang, “Relativistic
superfluidity and vorticity from the nonlinear klein-gordon equation”,
Physical Review D, vol. 90, no. 12, p. 125 019, 2014. arXiv: 1408.0779
[hep-th].
[39] S. A. Fulling and P. C. W. Davies, “Radiation from a Moving Mirror
in Two-Dimensional Space-Time Conformal Anomaly”, Proc. Roy. Soc.
Lond. A, vol. 348, p. 393, 1976.
[40] S. Hawking, “Black holes and thermodynamics”, Phys.Rev. D, vol. 13,
p. 191, 1976.
[41] L. Parker, “Particle creation in expanding universes”, Phys. Rev. Lett.,
vol. 21, p. 562, 1968.
[42] L. E. Parker and D. Toms, Quantum Field Theory in Curved Spacetime.
Cambridge University Press, 2009.
[43] M. R. R. Good and Y. C. Ong, “Signatures of energy flux in particle
production: A black hole birth cry and death gasp”, Journal Of High
Energy Physics, vol. 07, no. 7, p. 145, 2015. arXiv: 1506.08072 [gr-qc].
[44] M. R. R. Good and Y. C. Ong, “Are black holes springlike?”, Physical
Review D, vol. 91, no. 4, p. 044 031, 2015. arXiv: 1412.5432 [gr-qc].
[45] A. Grozin, “Special relativity (in Russian)”, 2015. arXiv: 1108 . 0842
[physics.pop-ph].
[46] W. Rindler, “Relativity”, Oxford University Press, 2001.
[47] M. R. R. Good, T. Oikonomou, and G. Akhmetzhanova, “Uniformly
accelerated point charge along a cusp”, Astron. Nachr., vol. 338, p. 1151,
2017. arXiv: 1711.04031 [physics.class-ph].
[48] J. Pons and F. Palol, “Observers with constant proper acceleration, con-
stant proper jerk, and beyond”, 2018. arXiv: 1811.06267 [gr-qc].
[49] T. Padmanabhan, “Why Does An Accelerated Detector Click?”, Class.
Quant. Grav., vol. 2, p. 117, 1985.
60 REFERENCES
[50] S. Takagi, “Vacuum noise and stress induced by uniform accelerator:
Hawking-Unruh effect in Rindler manifold of arbitrary dimensions”,
Prog. Theor. Phys. Suppl., vol. 88, p. 1, 1986.
[51] J. Audretsch, R. Muller, and M. Holzmann, “Generalized Unruh effect
and Lamb shift for atoms on arbitrary stationary trajectories”, Class.
Quant. Grav., vol. 12, p. 2827, 1995.
[52] L. Sriramkumar and T. Padmanabhan, “Probes of the vacuum structure
of quantum fields in classical backgrounds”, Int. J. Mod. Phys. D , vol.
11, p. 1, 2002.
[53] J. M. Leinaas, “Unruh effect in storage rings”, Proc.,18th ICFA Workshop
Capri, Italy , p. 336, 2002.
[54] H. C. Rosu, “Quantum vacuum radiation and detection proposals”, Int.
J. Theor. Phys., vol. 44, p. 493, 2005.
[55] J. Louko and A. Satz, “How often does the Unruh-DeWitt detector
click? Regularisation by a spatial profile”, Class. Quant. Grav., vol. 23,
p. 6321, 2006.
[56] N. Obadia and M. Milgrom, “On the Unruh effect for general trajecto-
ries”, Phys. Rev. D , vol. 75, p. 065, 2007.
[57] J. G. Russo and P. K. Townsend, “Relativistic Kinematics and Stationary
Motions”, J. Phys. A , vol. 42, p. 445, 2009.
[58] D. J. Griffiths, Introduction to Electrodynamics. Upper Saddle River, N.J. :
Prentice Hall , 1999.
[59] D. J. Jackson, “Classical Electrodynamics”, New York: John Wiley and
Sons, 1962.
[60] M. H. Lynch, E. Cohen, Y. Hadad, and I. Kaminer, “Experimental evi-
dence for the Unruh effect”, 2019. arXiv: 1903.00043 [gr-qc].
[61] L. H. Thomas, “The motion of the spinning electron”, Nature, vol. 117,
no. 2945, 1926.
[62] A. Eddington, “The mathematical theory of relativity”, Cambridge Uni-
versity Press, 1924.
[63] D. Garfinkle, “On "the” electric field of a uniformly accelerating charge”,
2019. arXiv: 1901.04486 [gr-qc].
[64] S. Lyle, “Uniformly Accelerating Charged Particles”, Springer-Verlag,
Berlin, Heidelberg , 2008.
